Abstract. Markovian regime decoherence effects in quantum computers are studied in terms of the fidelity for the situation where the number of qubits N becomes large. A standard model involving three-state lambda system ionic qubits is considered, with qubits localised around well-separated positions via trapping potentials. The centre of mass vibrations of the qubits act as a reservoir. Coherent one and two qubit gating processes are controlled by time dependent localised classical EM fields that address specific qubits, the two qubit gating processes being facilitated by a cavity mode ancilla, which permits state interchange between qubits. With suitably chosen parameters, the decoherence time can be made essentially independent of N
INTRODUCTION
Decoherence effects in quantum computers are studied for the situation where the number of qubits N becomes large. This regime is important for implementing quantum computing in practical situations. Decoherence effects can be specified by the fidelity, which specifies how close the actual behavior of the qubit system density operator is to its idealised behavior with only coherent gating processes taking place and with system-reservoir interactions switched off.
The present work deals with the intermediate time regime (τ d ≈ t τ c ), where τ c is the reservoir correlation time, τ d the system decay time. The intermediate time regime is the most physically relevant, since feasible measurements and gating processes are likely to require time scales much longer than the reservoir correlation time. Here Markoff theory can be used, but for internal consistency, the decoherence time scale τ D must be long compared to τ c . For effective quantum computation, decoherence time scales must be much larger than gating time scales, and decoherence effects should be negligible in the memory situation when gating processes are absent. The gating case is studied at zero temperature, which is most favourable for long decoherence times. Significant decoherence still present during gating processes would be ominous for implementing large scale quantum computers.
A standard model involving N qubits is considered, but now each is a three-state lambda system, rather than a twostate system as previously treated in the short time regime (t τ c ) [1] . The qubit states are the two lower states 0, 1. Lambda systems, as well as facilitating Raman gating processes, might result in qubits less vulnerable to spontaneous emission (SE) based decoherence, the upper state 2 only being occupied during gating processes. Reducing SE by having qubits located in a high Q cavity is also desirable, and the cavity mode can facilitate two qubit processes. A similar model has been considered by Tregenna et al [2] for two qubits. Our model involves N ionic qubits localised via trapping potentials around well-separated positions, and the centre of mass (CM) vibrational motions of the qubits are now treated. Coherent one and two qubit gating processes are controlled by time dependent localised classical EM fields addressing specific qubits. The one qubit gating process involves weak two-photon resonant Raman gating fields, well detuned from one photon resonance. The two qubit gating processes are facilitated by the cavity mode ancilla, which permits state interchange between qubits. For the two qubit gating process, resonant gating fields are coupled to the 2-1 transition for the control qubit, and coupled to the 2-0 transition for the target qubit. The cavity mode is resonant with the 2-1 transition, but uncoupled to the well-detuned 2-0 transition (as in [2] ). Two qubit gating involves decoherence-free subspaces [2] . The three-state qubits are coupled to a bath of spontaneous emission modes, and the cavity mode is coupled to a bath of cavity decay modes. For large N the numerous vibrational modes of the ionic qubits also act as a reservoir, with Lamb-Dicke coupling to the internal qubit coordinates, cavity mode and gating fields. All qubit interaction terms (electric dipole, Rontgen, diamagnetic, ionic current) with the three baths are examined (without using the RWA), and the important contributions identified. The qubit-bath coupling is amplitude coupling via σ ia ± optical coherence operators. However, it is assumed that the trapping potential producing the array of qubit trap sites is not subject to fluctuations. Such trapping potentials could be due to off resonant near-classical optical fields or magnetic fields, and fluctuations in these fields should really be taken into account [3] . Such fluctuations could have significant effects, but their inclusion will be left to a later time since our primary aim is to investigate the effects of qubit vibrations rather than trapping field fluctuations.
Markovian expressions for the intermediate time behavior of the rate of change of fidelity are obtained for the general case where the qubits and ancilla are in any pure state and the baths and qubit vibrational modes are in thermal states. The initial rate of change of the fidelity defines the decoherence time scale τ D . The characteristic decoherence time scale when no gating processes occur is evaluated at finite temperature for specific qubit states (Hadamard and GHZ states). The decoherence time scale is also evaluated for one qubit and two qubit gating processes, but at zero temperature.
DYNAMICS AND DECOHERENCE TIME
Markovian evolution occurs for t τ c and the reduced density operator ρ S = Tr R W (where W is the total density operator for the qubits, ancilla and reservoirs) satisfies a standard master equation
Here H S is the Hamiltonian for the qubit system and cavity mode ancilla and V S is the coherent coupling Hamiltonian for gating processes in the qubit system. The master equation includes the Liouville superoperator term involving Markovian relaxation Γ ab and frequency shift ∆ ab elements, and system operators S a with free evolution frequencies ω a , and is based on the system-reservoir interaction V I being written as the sum of products of system and reservoir operators
The fidelity is defined by
and compares the actual evolution ρ S of the qubit system and its idealised coherent evolution ρ S0 due only to H S +V S . In the Markovian intermediate time regime (τ d ≈ t τ c ) the rate (∂ F/∂t) 0 specifies the decoherence rate for the qubit system, and its inverse defines the decoherence time τ D . The decoherence time is given in terms of the Markovian relaxation elements and qubit system averages of products of fluctuation operators
Here the qubit and ancilla are in pure state |χ S (which may differ from the initial state due to the effect of gating processes). For t τ c → 0 we take ρ S0 = ρ S = |χ S χ S |. In the above ∆S a = S a − S a S and Ω S ≡ Tr S (Ωρ S ). The importance of each term in the expression for the decoherence rate 1 τ D is obtained by combining the qubit factor and the relaxation elements. A relatively large relaxation element may be associated with a small qubit factor (and vice-versa), so both factors need to be considered. Explicit expressions for both the relaxation elements and the qubit factors were obtained using standard methods, but are too lengthy for inclusion here. For one qubit gating, five terms are involved of which one is associated with non gated qubits. For two qubit gating, one hundred and twenty seven terms are involved, of which seven are associated with non gated qubits. The non gated qubit terms lead to a decoherence rate contribution that scales with N. The loss of fidelity ∆F during a time ∆T much smaller than τ D may be estimated as the product ( The parameters used in both the one and two qubit gating processes are set out in Table 1 . For the no gating situation we make Γ a much larger, ≈ 10 8 s −1 , corresponding to the free space situation. In the table ω b is the cavity mode frequency, ω ab are qubit transition frequencies (a, b = 0, 1, 2), Ω ia are the classical gating field Rabi frequency magnitudes for coupling to the 2 -a transition of the ith qubit, g ka are the one photon Rabi frequencies for coupling the cavity mode to the 2-a transition in the kth qubit (a = 0, 1), ∆ 0 ci is the detuning of the one qubit gating field centre frequency from the optical transition frequency ≈ ω 0 for the ith qubit. The qubit vibration frequencies range from zero up to ν max . The Lamb-Dicke parameter is η. The spontaneous emission (SE) rate for the 2-a transition is Γ a , and Γ cav = ω b /Q is the cavity decay rate. We are considering optical transitions (ω 20 , ω 21 ≈ ω 0 ) and hyperfine transitions (ω 10 ω 0 ) and a high Q optical cavity in the medium coupling regime. For the gating processes, the cavity coupling constant and cavity decay rate are made equal, and large compared to the SE rate, and the gating field one photon Rabi frequency is large compared to the SE decay rate, as in Tregenna et al [2] For one qubit gating, two cases were studied, corresponding to the gating field one photon Rabi frequency being (i) small compared to (ii) the same as the cavity coupling constant and cavity decay rate. For two qubit gating, case (i) and with zero g k0 applies [2] . The maximum vibration frequency and the LambDicke parameter are calculated for a 3D Ca + lattice with lattice spacing 3µ. Approximations based on ∆ 0 ci ν max , Γ and ω 10 ν max for the one qubit gating process and based on ω 0 ω 10 ν max for the two qubit gating process are used in the derivations. At absolute zero no phonons are in the vibrational modes. Using these parameters, the relaxation elements and qubit factors can be calculated.
RESULTS
Cavity decay, spontaneous emission and Lamb-Dicke coupling to the vibrational modes were the important causes of decoherence. Effects due to Rontgen and diamagnetic interactions were found to be negligible. However, effects due to fluctuations in the trapping potentials could be important [3] and still remain to be treated for large qubit systems.
With no gating processes occurring, characteristic decoherence time scales were evaluated for specific qubit states (Hadamard, GHZ) at finite temperature. The decoherence time scaled as 1/N. The decoherence time scale for the uncorrelated Hadamard state could be made infinite by choosing two optical dipole matrix elements that added to zero. The decoherence time scale for the GHZ state was very long, (due to a Boltzmann factor exp(−hω 0 /k B T )) -τ D being about 10 19 s for N ≈10 4 qubits, even if the free SE decay rate of 10 8 s −1 applied instead of the reduced SE rate for the high Q cavity.
For the case of one qubit gating processes, decoherence was mainly due to Lamb-Dicke coupling of the gated qubit with the Raman fields. The loss of fidelity during the gating process was small (≈ 2 × 10 −3 ), being proportional to the square of the Lamb-Dicke parameter. Scaling effects were associated with non-gated qubits and were small. For both optical transitions coupled to the cavity mode, decoherence was present due to Lamb-Dicke coupling of the non-gated qubits with the cavity mode, no photon being present. However, the effects were negligible even for N ≈10 4 qubits. Scaling effects were entirely absent if only one transition was coupled to the cavity mode [2] .
For the case of two qubit gating processes (as in Tregenna et al [2] ), scaling effects were absent for the parameters chosen, so overall the decoherence time is independent of qubit numbers. However, other parameter choices, such as having both optical transitions coupled to the cavity mode would lead to a significant contribution to the decoherence rate associated with Lamb-Dicke coupling with the cavity mode, one photon being present. In this case, modest qubit numbers N ≈10 3 qubits would result in non-gated contributions to the decoherence rate that exceed those for the gated qubits.
In conclusion, lambda systems localised in a high Q cavity, which can both facilitate two qubit gating processes and reduce decoherence caused by spontaneous emission and cavity decay, are a useful system for research on scalable quantum computers. The case of neutral qubits, where the vibrational modes are independent and do not constitute a reservoir, is also of significant interest and needs to be treated via Markovian theory.
